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Abstract. Ultra-high energy cosmic rays can propagate diffusively in cosmic magnetic fields.
When their propagation time is comparable to the age of the universe, a suppression in the
flux relative to the case in the absence of magnetic fields will occur. In this work we find an
approximate parametrization for this suppression for energies below ∼ Z EeV using several
magnetic field distributions obtained from cosmological simulations of the magnetized cosmic
web. We assume that the magnetic fields have a Kolmogorov power spectrum with the field
strengths distributed according to these simulations. We show that, if magnetic fields are
coupled to the matter distribution, low field strengths will fill most of the volume, making
the suppression milder compared to the case of a constant magnetic field with strength equal
to the mean value of this distribution. We also derive upper limits for this suppression to
occur for some models of extragalactic magnetic fields, as a function of the coherence length
of these fields.
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1 Introduction
The discovery of cosmic rays dates back to the early 1910s. It is remarkable that the cosmic
ray spectrum spans almost twelve orders of magnitude, from ∼ 109 eV to ∼ 1021. Today,
more than one century after the first observations of these particles, there are several aspects
not fully understood, especially in the ultra-high energy domain. Ultra-High Energy Cosmic
Rays (UHECRs) are very energetic particles (E & 1018 eV) that propagate through the
universe and reach Earth. The sources of these particles are not yet known, but it is believed
that they are mostly extragalactic [1]. The mass composition is also under debate. Data
from the Pierre Auger Observatory favors a heavy composition at the highest energies [2],
whereas the High Resolution Fly’s Eye (HiRes) [3] and Telescope Array (TA) [4] collaborations
report a dominant light component. Despite the discrepancies at the highest energies, both
experiments show a predominant light component at energies ∼ EeV (1 EeV = 1018 eV).
Some features in the cosmic ray spectrum are noticeable. One happens approximately
at 3×1015 eV and is known as the “first knee”. Another one of these features, at about 8×1016
eV, is the so-called “second knee”, observed by the KASCADE-Grande experiment [5]. These
two features seem consistent with a light (proton-dominated) component accelerated up to
the first knee, and a heavy component accelerated up to the second knee, as a result of the
well known Peters’ cycle [6], in which the maximum acceleration energy of an element is
proportional to its charge Z. In that case, the second knee would indicate the end of the
galactic spectrum and the emergence of another galactic component, or an extragalactic one.
A third interesting feature of the cosmic ray spectrum is the “ankle”, at E ≈7×1018 eV1.
It has been first observed by Linsley [8] more than half a century ago, but its interpretation
is still a matter of debate. In the original paper Linsley mentioned the possibility of the
ankle being a signature of the transition between galactic and extragalactic cosmic rays, idea
which still persists today [9, 10]. Another interpretation for this feature was put forward
by Berezinsky et al. [11] in the context of the so-called dip model. In this model the ankle
is a signature of pair production of UHE protons when interacting with background photon
1For a review on recent developments on the research of the ankle in light of the latest measurements, see
ref. [7].
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fields. This later interpretation requires a predominantly protonic component up to the
highest energies and is in tension with data from Auger [2], but not with HiRes [3] and TA
[4].
The interpretation of the region between the second knee and the ankle is particularly
fuzzy. From the theoretical point of view it is difficult to accelerate galactic cosmic rays
up to 1018 eV through standard shock acceleration mechanisms. On the other hand, if the
second knee marks the end of the galactic cosmic ray spectrum, one would need a new class
of sources accelerating light elements to fill the gap between second knee and ankle, and still
be consistent with the measurements [2–4, 12].
Regardless of the energy where the transition from galactic to extragalactic cosmic rays
takes place, be it the second knee or the ankle, there probably is an energy below which the
extragalactic component vanishes. This can happen, for example, if we consider a suppression
of the flux at “low energies” (E . 1018 eV) due to magnetic horizon effects spawned by diffusion
of particles in extragalactic magnetic fields [13–15].
The last interesting feature noticeable in the all particle cosmic ray spectrum is the
suppression of the flux around 5×1019 eV, observed by Auger [16] and HiRes [17]. This
suppression can be the so-called Greisen-Zatsepin-Kuz’min [18, 19] (GZK) cutoff, due to the
interaction of UHE protons with cosmic microwave background (CMB) photons (p+γCMB →
π0+p). Another possibility is that the end of the spectrum is due to the maximum acceleration
of the sources [20].
Charged cosmic rays are deflected by the pervasive magnetic fields, namely the galactic
and extragalactic. If their scattering length is larger than their distance to the observer the
propagation will be ballistic. If this length is much smaller, these cosmic rays will spatially
diffuse. The typical environment where diffusion takes place are magnetized plasmas. Par-
ticles can be magnetically scattered in different regions such as voids, filaments and galaxy
clusters. In these regions the diffusion coefficients are very likely different, and so are the
magnetic field strengths. In clusters of galaxies typical magnetic field strengths are ∼ 10 µG
with coherence length of ∼ 10 kpc [21]. In the case of filaments the picture is not so clear
(for a review on this topic see ref. [22]), and estimates for the strength in these regions vary,
with upper limits of the order of ∼ 0.1 µG, and coherence length ranging between 1 Mpc
and 10 Mpc [23, 24]. In general, the coherence lengths of extragalactic magnetic fields are
not known, and lie in the range between 10−12 Mpc and 103 Mpc [25]. Recent estimations
based on gamma ray induced electromagnetic cascades suggest coherences lengths between ∼
10 kpc and 1 Mpc [26].
Syrovatskii [27] presented a solution for the difffusive propagation of particles from a
single steady source. This solution was later generalized by Berezinsky and Gazizov [28] for
an expanding universe. It is expressed in terms of the so-called Syrovatskii variable, which
depends on the diffusion coefficient, which is energy and possibly position dependent.
Mollerach and Roulet [29] addressed the problem of magnetic diffusion of UHECRs by
assuming a scenario with a Kolmogorov turbulent extragalactic magnetic field. However,
as explained before, different regions of the universe have different magnetic field strengths,
which is probably related to the matter density in this environment, so that the strength of
the magnetic field in clusters of galaxies is expected to be higher than in the voids (if magnetic
fields in the voids really exist). Here we extended the aforementioned work by using magnetic
field models from cosmological simulations performed by various authors.
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2 The Cosmic Ray Spectrum
In this section we describe the mathematical framework underlying the diffusion of cosmic
rays in magnetic fields. We follow Berezinsky and Gazizov [28] for the solution of the diffusion
equation in a universe in expansion.
Let n(E,~r, t) be the number density of particles with energy E in an expanding comoving
volume of the universe, at position ~r and time t. Assume that the diffusion coefficient is
denoted by D(E, t), and that the source has a generation function Q(E, t). The diffusion
equation for a source located at a comoving distance rs from the observer can be written as
[28]:
(2.1)
∂
∂t
n(E,~r, t)− b(E, t) ∂
∂E
n(E,~r, t) + 3H(t)n(E,~r, t)
− n(E,~r, t) ∂
∂E
b(E, t)− D(E, t)
a2(t)
∇2n(E,~r, t) = Q(E, t)
a3(t)
δ3(~r − ~rg),
where b(E, t) = −dE/dt describes the total energy losses, and a(z) = 1/(1 + z) is the scale
factor as a function of redshift z for a source with comoving coordinates ~rg = ~r − ~rs at a
distance ~rs from the observer, and H(t) is the Hubble constant at a time t.
From the general solution of equation 2.1 in the spherically symmetric case, one can
write the flux j for a single source [28]:
j(E,B, rg) =
c
4π
zmax∫
0
dz
∣∣∣∣ dtdz
∣∣∣∣Q(Eg(E, z), z)exp
(
− r
2
g
4λ2
)
(4πλ2)
3
2
dEg
dE
. (2.2)
Here we use the standard ΛCDM cosmology, in which the redshift evolution is given by
∣∣∣∣ dtdz
∣∣∣∣ = 1H0(1 + z)
1√
Ωm(1 + z)3 +ΩΛ
, (2.3)
withH0 ≈ 67.04 km/s/Mpc, Ωm ≈ 0.3183 the density of matter in the universe, encompassing
both baryonic and dark matter, and ΩΛ ≈ 0.6817 is the cosmological constant, assuming a
flat universe (Ωtot = 1) [30]. The source term Q(Eg(E, z), z) can be assumed, following ref.
[29], as
Q(E, z) =
ξZf(z)E
−γ
cosh
(
E
Emax
) , (2.4)
with ξZ being the contribution of the nucleus of atomic number Z, and E its observed energy,
f(z) a function for the redshift evolution of the source emissivity, Emax the cutoff energy, and
γ the spectral index of the source. Eg and E are related in the following way [31]:
dEg
dE
= (1 + z) exp

 z∫
0
dz′
∣∣∣∣ dt′dz′
∣∣∣∣ ∂∂Eg b(Eg, z′)

 , (2.5)
with Eg denoting the initial energy of the particle at redshift z
′ (0 < z′ < z), if the observed
energy at present time is E.
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The variable λ = λ(E, z) is the Syrovatskii variable2, first introduced by Syrovatskii
[27] to address the problem of the distribution of relativistic electrons in the galaxy. The
generalization of the Syrovatskii solution for an expanding universe was given by Berezinsky
and Gazizov [28], and can be written as
λ(E, z,B) =
√√√√√
z∫
0
dz′
∣∣∣∣ dtdz′
∣∣∣∣ D(Eg, z′, B)a2(z′) . (2.6)
Following refs. [29, 32, 33], we write the diffusion coefficient as a linear combination of
the diffusion coefficients for the quasi-linear regime (D ∝ E1/3), dominant at lower energies,
and the non resonant regime (D ∝ E2), dominant at higher energies:
D(E, z,B) =
clc(z)
3
[
aL
(
E
Ec(z,B)
) 1
3
+ aH
(
E
Ec(z,B)
)2]
, (2.7)
which approximately holds for the resonant and non-resonant regimes, for the case of a Kol-
mogorov turbulence. Its behavior as a function of x (x ≡ E/〈Ec〉) is shown in figure 1. The
parameters aL and aH are, respectively, 0.3 and 4 [29]. Here lc(z) = lc,0/(1 + z) is the coher-
ence length and B(z) = B0(1 + z)
2−m the magnetic field strength as a function of redshift,
with the subscript ‘0’ corresponding to the value at present time, and m a parameter due to
the MHD amplification of the field. The critical energy Ec = Ec(z,B) is defined as the energy
for which the Larmor radius of the particle is equal to the coherence length of the fields, i.e.,
RL(Ec) = lc. It evolves with redshift as Ec(z) = Ec,0(1 + z)
1−m. The Larmor radius is
RL(E,B) =
E
cZeB
≈
(
E
EeV
)(
nG
B
)
Mpc, (2.8)
with B being the magnetic field strength, and E the energy. The explicit form of Ec is, from
equation 2.8:
Ec(z,B, lc) = cZeB(z)lc(z) ≈ 0.9Z
(
B
nG
)(
lc
Mpc
)
EeV, (2.9)
with B = B(z) and lc = lc(z).
The spectrum for a single source is shown in equation 2.2. For Ns sources, each one
located at a distance ri from Earth, we can write the total spectrum as the sum of the spectra
of individual sources, i.e.
jt(E,B) =
Ns∑
i=1
js(E,B, ri) =
c
4π
zmax∫
0
dz
∣∣∣∣ dtdz
∣∣∣∣Q(Eg(E, z), z)dEgdE
Ns∑
i=1
exp
(
− r2i4λ2
)
(4πλ2)
3
2
. (2.10)
Notice that if the number of sources is very large, the summation can be replaced by an
integral. This integral can be calculated assuming spherical symmetry, yielding unity if the
average separation between sources is small enough. Since in this case the dependence on
the Syrovatskii variable will no longer be present, the spectrum will be independent of the
2Our definition of λ differs by a square from ref. [28], and follows ref. [29]. This way, λ has dimension of
length and can be translated into the magnetic horizon. In this work we define the magnetic horizon as the
distance that a charged particle can travel within a time interval equal to the age of the universe.
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Figure 1. Diffusion coefficient as a function of x ≡ E/〈Ec〉. Thin gray lines are the two energy
dependent diffusion coefficients used to obtain the one adopted in this work, represented by the
orange thick line. This case is for z = 0.
modes of propagation and have the same shape regardless of the intervening magnetic fields.
This result is known as the propagation theorem [32]. The spectrum obtained under these
assumptions will be henceforth called universal spectrum.
We assume that the sources are located at finite distances from the observer, so we
introduce a factor F , given by
F =
1
Ns
Ns∑
i=1
exp
(
− r2i
4λ2
)
(4πλ2)
3
2
, (2.11)
where the distances of the sources are defined according to ref. [29]:
ri = ds
(
3
4π
) 1
3 Γ(i+ 1/3)
(i− 1)! . (2.12)
Here ds is the average separation between the sources, obtained from the source density.
Now we rewrite equation 2.10 as
jt(E,B) =
c
4π
zmax∫
0
dz
∣∣∣∣ dtdz
∣∣∣∣Q(Eg(E, z), z)dEgdE F (E, z,B). (2.13)
We can calculate the volume average of the spectrum by weighting it by the magnetic field
distribution, as follows:
(2.14)
j(E) =
∞∫
0
jt(E,B)p(B)dB
=
c
4π
zmax∫
0
dz
∣∣∣∣ dtdz
∣∣∣∣Q(Eg(E, z), z)dEgdE

 ∞∫
0
dBF (E, z,B)p(B)

 ,
– 5 –
where p(B) is the probability distribution function corresponding to the magnetic field dis-
tribution obtained from the filling factors shown in figure 2.
We can only provide a volume averaged description of the spectrum. This is formally not
the same as taking the volume average of the diffusion coefficient, but the difference between
these two approaches is small, particularly for higher redshifts (z >0.5), which correspond to
most of the flux at E . 1 EeV. A rough estimate of the relative difference (∆F ) between the
factors F , shown in equation 2.11, obtained using these two approaches gives ∆F .6% at
1016 eV and ∆F .0.02% at 1018 eV. Notice that in this work we weight F by the magnetic
field distribution, as shown in equation 2.14.
The diffusion equation (equation 2.1) is solved assuming an energy and time dependent
diffusion coefficient which, however, is constant in space. When writing the diffusion equation3
one has the following term:
~∇.
[
D(~x, t)~∇n(~x, t)
]
= D(~x, t)∇2n(~x, t) + ~∇D(~x, t).~∇n(~x, t). (2.15)
with D being the diffusion coefficient, n the number density of particles, ~x the physical
coordinates and t the time. If we assume D is position independent, then only the first
term in the right hand side of this equation remains, and ~∇n(~x, t) can be neglected. This
approximation is valid as long as D(~x, t)∇2n(~x, t)≫ ~∇D(~x, t).~∇n(~x, t).
The second term in the right hand side of equation 2.15 can be understood as a convection
velocity, which means that the condition D/ℓD ≪ c should hold, where ℓD is the length scale
on which D varies. This assures that the convection velocity ∼ D/ℓD is much smaller than
the speed of light everywhere. If the magnetic horizon effect is small, the average source
distance will be of the order of a sizable fraction of the Hubble radius RH . The above
condition then implies that the neglected convective term will only contribute for sources
closer than ∼ (D/ℓDc)RH ≪ RH which give a subdominant contribution to the observed
flux. Equivalently, this condition assures that the first term in eq. 2.15 indeed dominates
over the second, assuming that the cosmic ray density varies on a length scale ℓD in regions
of significant variation of D.
We will now consider for which range of parameters the above condition is satisfied, for
energies ∼EeV. In the center of galaxy clusters we have B ∼ µG and lc ∼kpc. Therefore,
from eq. 2.9, the critical energy is Ec ∼EeV, and using equation 2.7 one obtains D/c ∼0.1
kpc. Thus, with ℓD ∼100 kpc one has D/ℓD ∼10−3c. At the other extreme, in the voids, if
B & 0.1 nG and lc .10 Mpc, one has Ec & 0.1(lc/Mpc) EeV and thus D . 100(lc/Mpc)
−1
Mpc. Therefore, with ℓD ∼ 100Mpc on void scales one has D/(cℓD) .1 such that for B .0.01
nG and/or lc .1 Mpc our approximation breaks down. In this case the spectrum may become
somewhat flatter than predicted in our approach because there will be additional contribution
to the flux from the neglected convection term, which depends on the energy.
It is important to mention that for the sake of numerical calculations we consider only
adiabatic energy losses due to the expansion of the universe. Pair production starts to be-
come relevant for energies & 3Z EeV and pion production above & 50 EeV (for protons).
Photodisintegration can also be neglected, for it conserves the Lorentz factor of the parti-
cles, hence keeping diffusion properties approximately unaltered. Therefore, it is a reasonable
approximation to neglect all other energy loss processes if we are interested in energies . Z
EeV.
3For a detailed derivation of the diffusion equation see appendix A.
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3 Magnetic Fields from Cosmological Simulations
In the present work we have considered the effects of extragalactic structured magnetic fields
obtained from several cosmological magnetohydrodynamical (MHD) simulations, namely the
ones performed by Miniati [34], Dolag et al. [35], Das et al. [36] and Donnert et al. [37]. Das
et al. have estimated the magnetic field strength directly from the properties of the gas, such
as vorticity and energy density. Dolag et al. started with a seed field at high redshift with
a strength such that, at the present epoch, the field in clusters would be of the order of a
few µG. Miniati assumed that the seed field was genererated through the Biermann battery
mechanism, and is later rescaled to reproduce the measured magnetic field strength of galaxy
clusters. Donnert et al. have obtained the magnetic field in a way similar to Dolag et al.,
but including additional effects at low redshifts, namely magnetic pollution. Despite the
fact that Dolag et al. performed a constrained simulation, this may not be totally accurate
due to the intrinsic properties of the simulation method. Because each of these cosmological
simulations have their merits and problems, we will analyze the effects of all of them. It is
worth mentioning that, beside the way the magnetic fields are obtained, these simulations
also use different numerical techniques.
There are several cosmological simulations of the local universe beside the aforemen-
tioned ones. The method presented here can be applied to any cosmological simulation
provided one has the filling factors distribution (or the magnetic field distribution), such as
the ones shown in figure 2. We define the cumulative filling factors as the fraction of the
volume that has a magnetic field strength higher than a given value.
B [G]
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Figure 2. Cumulative filling factors for the cosmological simulations considered in this work.
From a cosmological simulation one obtains a distribution of magnetic field strengths.
The diffusion coefficient is calculated from the local field using equation 2.7 assuming, in
addition, a (constant) coherence length. By integrating equation 2.6 over the distribution of
magnetic field strengths, we eliminate its B dependence and obtain the value of λ taking into
account the inhomogeneity of the field.
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In figure 3 we illustrate the redshift dependence of the volume averaged Syrovatskii
variable for the aforementioned cosmological simulations, between z=0 and z=4, comparing
them with the mean values of the corresponding magnetic field distributions, and with two
extreme cases (B = 1.0× 10−14 G and B = 1.0× 10−6 G). These differences can also be seen
if we use the root mean square value of the field for a given large scale structure. A summary
of the mean and RMS value of each simulation are shown in table 1. It is important to stress
that these values are not calculated from the actual MHD simulations, but from the filling
factors distribution shown in figure 2. Also, for the sake of computational performance, we
have restricted the magnetic fields to the range from 10−15 G to 10−5 G, considering it zero
elsewhere.
Table 1. Mean and RMS values for the considered magnetic field distributions, in the range between
10−15 G and 10−5 G.
Miniati Dolag et al. Das et al. Donnert et al.
〈B〉 [G] 1.8× 10−8 5.5 × 10−11 1.2× 10−9 6.3× 10−11
Brms [G] 1.7× 10−7 1.5× 10−8 5.7× 10−8 1.7× 10−8
Figure 3. Volume averaged Syrovatskii variable for the magnetic fields from the large scale structure
simulations (solid lines), in the case of constant magnetic fields equal to their average value (dashed
lines), and two extreme cases (dotted dashed lines). The legend follows the same order as the curves,
from top to bottom. This particular case is for E/Z = 1016 eV, lc,0 = 0.6 Mpc, m = 1, γ = 2.0 and
zmax = 4.0.
In figure 3 we can clearly see that the assumption of a variable magnetic field implies
a change in the value of the Syrovatskii variable and hence the spectrum. This is expected
because only a small fraction of the volume is filled with magnetic fields with high values of B.
Moreover the Syrovatskii variable when defined in units of length translates into the magnetic
horizon. For instance, if we take lc,0=1 Mpc and choose the two black (dotted dashed) lines
– 8 –
from figure 3, we obtain a magnetic horizon of approximately 47 Gpc for B=10−14 G and 60
Mpc for B=10−6 G, taking into account the contribution of all sources up to zmax = 4.
One should notice that all the calculations in this work depend on the assumption that
the magnetic fields are turbulent, with diffusion coefficients given by equation 2.7, and with
the magnetic field distributions from these particular cosmological simulations. Even though
we consider the redshift evolution of the magnetic field (B(z) = B0(1 + z)
2−m), we do not
follow the proper evolution of the whole cosmological simulation. Instead, we use the magnetic
field strength at z = 0 and extrapolate it to higher redshifts.
4 Magnetic Suppression
As mentioned before, if the term F in equation 2.13 is equal to 1, the spectrum does not de-
pend on the modes of propagation and hence will be universal. We can define the suppression
factor G as the ratio between a given spectrum (j(E)) and the universal one (j0(E)), i.e.
G =
j(E)
j0(E)
. (4.1)
Using equation 2.13 we obtain the spectra for the cosmological simulations whose filling factors
are shown in figure 2. Then we calculate the suppression factor G, shown in equation 4.1.
The next step is to fit the suppression factor with the function:
G(x) = exp
[
− (aXs)
α
xα + bxβ
]
, (4.2)
where α, β, a and b are free parameters, x is the ratio between the energy of the particle (E)
and the average critical energy (〈Ec,0〉), and Xs is given by
Xs =
ds√
RH lc
, (4.3)
where ds = 3/(4πns) is the average separation between the sources for a source density of
ns, and RH = c/H0 the Hubble radius. We have assumed the source density to be constant
over the evolution of the universe. It is important to mention that other functions may fit
the suppression as well as, or even better than the one shown in equation 4.2. Our choice was
motivated by ref. [29], and it proved itself to be adequate for our purposes.
The parameters of the fit vary for low values of Xs, but are practically constant for
higher values. These results are summarized in figure 4, and the fits can be seen in figure 5.
They do not have a significant dependence on the spectral index of the source (γ) nor the
cutoff energy (Emax), so they can be used generically. Also, since the suppression factor is
written in terms of E/〈Ec,0〉, it will be the same for all nuclei with energy E and rigidity
E/Z. The parameter m, however, can affect the suppression factor, changing the values of
the fit parameters, especially for the case of strong evolution (m &2). A proper estimation
of all the parameters for each values of m would be required to obtain a more accurate
description. Nevertheless, there are so many uncertainties involved (e.g. coherence length,
power spectrum of the magnetic field, source density, source evolution), that the improvement
of the fit parameters would not necessarily lead to better results.
In figure 6 we show the suppression factors obtained from equation 4.2 as a function of
the energy, for some combinations of lc and ns, and hence Xs. For the sake of comparison,
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Figure 4. Values of the best fit parameters α, β, a and b as a function of Xs for m = 0.
Figure 5. Suppression factor as a function of x ≡ E/〈Ec,0〉. The markers are the suppression
factors estimated using equation 4.1, whereas the lines correspond to the best fit values obtained
using equation 4.2, for m=0.
we present the results for the four magnetic field models previously described, together with
three cases of constant magnetic field strengths, namely two extremes values (B =1 µG and
B =1 pG), and an intermediate one (B =1 nG). The suppression factors for the constant
magnetic field cases were obtained assuming the parametrization presented in ref. [29]. In
this work the authors performed an analysis similar to the one here presented, but using
a turbulent Kolmogorov magnetic field with a fixed Brms of the order of a few nG. The
spectrum in this case was calculated using equation 2.13, whereas we have used equation
2.14, since our assumption is a distribution of magnetic field strengths. Hence for the case of
a turbulent magnetic field with fixed Brms we have adopted the best fit parameters from ref.
[29] : α=1.43, β=0.19, a=0.20, b=0.09.
It is possible to notice a few interesting features in figure 6. The first one is that, beside
– 10 –
Figure 6. Suppression factor obtained from the parametrization as a function of energy. To generate
this plot we have assumed the following parameters: m = 0, γ = 2.0, Emax = 100 EeV and zmax = 4.0.
The panels in the top correspond to the case of Z=26, whereas the ones in the bottom to Z=1.
the constant magnetic field cases, the only model in which we obtain a suppression of the
order of 20% around 1 EeV is in the Miniati case, assuming a heavy composition (Z=26),
as shown in the top panels. The top right panel is almost identical to the top left one, with
approximately the same Xs, but in this case the source density is higher and coherence length
lower. In the two bottom panels, which correspond to a purely protonic composition, it is
possible to see that if the mass composition of the cosmic rays is light then the low energy
suppression due to diffusion would take place below E .1016 eV.
We can estimate the energy Ee at which we have a suppression of e
−1 ≈ 0.37. For that
we start with equation 4.2 and calculate G(Ee/〈Ec,0〉) = 1/e, obtaining
Eαe + bE
β
e 〈Ec,0〉α−β = (aXs〈Ec,0〉)α. (4.4)
Similarly we can find the coherence length the corresponding coherence length for Ee:
(adscZe〈B0〉)αR−α/2H lα/2c,0 − b(cZe〈B0〉)α−βEβe = Eαe . (4.5)
Using equation 4.4 we can estimate the energy for which the flux is suppressed to 1/e
of its original value due to diffusion of particles in extragalactic magnetic fields, assuming
that the sources are uniformly distributed. This is shown in figure 7 for a source density of
6×10−6 Mpc−3 for the case of iron. Since this source density is a lower limit [38], and for iron
the suppression is stronger, figure 7 can be understood as an upper limit for a suppression of
the flux to 1/e of its former value, due to diffusion. One should bear in mind that if nuclear
photodisintegration occurs, and it very likely will, the curves displayed in this figure will be
shifted to even lower energies.
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Figure 7. Energy for which the flux is suppressed to 1/e of its former value, as a function of the
coherence length. Dashed lines correspond to the cases of constant magnetic field strength and solid
lines to magnetic fields from the cosmological simulations indicated in the legend. This particular
case is for ns=6×10−6 Mpc−3 and Z=26.
In figure 7 we notice that the energy Ee increases with the coherence length lc in the
range considered. To constrain the constant magnetic field scenarios displayed in this figure
we have again used the parameters α, β, a and b from ref. [29], which are the same for all
values of Xs. In our case, for the inhomogeneous magnetic field models, we assumed that
these parameters vary with Xs to obtain better fits of the analytical model.
The low energy suppression is stronger for lc ∼Mpc. This dependence can be understood
by analyzing the behavior of the diffusion coefficient, shown in equation 2.7, for different values
of lc. The critical energy Ec is proportional to lc, as displayed in equation 2.9. Therefore,
at a given energy, for small values of lc, the term proportional to E
2 in equation 2.7 would
dominate, implying D ∝ l−1c , and thus λ ∝ l−1/2c . This leads to a flux suppression and
a critical energy both of which increase with lc. Similarly, if lc is large, D ∝ l2/3c and
hence λ ∝ l1/3c , implying that Ee should decrease with lc. However, this last effect is not
visible in figure 7, due to the limited range of parameters covered in our analysis, tuned to
encompass typical values of lc found in the literature, and allow an analytical description of
the suppression through equation 4.2.
5 Discussion
Our results indicate a very weak suppression of the flux of cosmic rays at 1018 eV, which
starts to become more pronounced at E . 1016 eV, depending on the magnetic field model,
its coherence length, and the charge of the particle. This result is in qualitative agreement
with ref. [15], in which three other MHD simulations were used and an analysis similar to
ours was performed. In this work the authors observed the presence of a magnetic horizon
for energies below ∼ 1017 eV, which roughly corresponds to our upper limit on the energy
the suppression sets in, for the most optimistic choice of parameters. Even though we did
not analyze the MHD simulations used in this reference, their filling factors distributions are
lower compared to the Miniati case, particularly for B &100 nG. Since a larger contribution
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from higher magnetic fields would cause a stronger suppression, we can say that the Miniati
scenario can be taken as a limiting case for the ones presented in ref. [15].
We have adopted a uniform source distribution, but other possibilities could be easily
accounted for by changing equation 2.12, since the spectrum is the superposition of the fluxes
of individual sources. At energies below 1 EeV, the spectrum is dominated by the contribution
of distant sources. At cosmological distances the distribution of sources is probably close to
uniform. Therefore, unless the sources are clustered and their distribution is highly non
uniform, the results here obtained would not change significantly.
To have diffusion from the nearest source the diffusion length (lD = 3D/c) should be
smaller than the distance of this source, i. e., lD < ds. This effect may be dominant depending
on the source distance and luminosity. Therefore, a more precise calculation of the suppression
would need to take into account the inhomogeneity of the magnetic field in scales comparable
to the distance of the nearest source. As long as the filling factors distribution for a volume
containing both the nearest source and Earth has the same shape as the ones we considered,
the results here presented will hold. This is not true in scales comparable to the size of the
structures. Moreover it may not be valid if both the observer and the source lie within the
same filament, due to the higher magnetic field strengths in these regions compared to the
voids. This would change the magnetic field distribution, shifting its mean value toward higher
values of B, possibly spawning a stronger suppression in the observed flux if the luminosity
of the source is high enough.
Another assumption made in this work is that the coherence length if fixed, which is
hardly realistic. The analysis that we have presented can be easily extended to incorporate
coherence length distributions. However, the actual distribution of coherence lengths is not
well known and can vary in different regions of the universe. In this work we analyzed
coherence lengths between ∼ 10−3 and 10 Mpc, which are typical values in the literature
[21, 22, 26]. Regardless of the shape of this distribution, as long as the contribution of
coherence lengths outside the studied range is negligible, Ee for lc=10 Mpc can still be taken
as an upper limit for the magnetic suppression.
Sigl [39] has shown that the confinement of particles around the source position may play
a role in the low energy suppression. If this is true, there might be an additional contribution,
due to the fact that the magnetic field would be much higher around the source than elsewhere.
This would occur if the following condition is satisfied
B &
√
lc
10 kpc
(
L
100 kpc
)
µG, (5.1)
where L represents the characteristic scale of the magnetized region. If the magnetic fields
have stochastic nature with a relatively low RMS value (B . 100 nG), this confinement would
not be expected.
The neglected energy loss processes are not so relevant at E . EeV, as mentioned earlier.
At energies of a few EeV it has been shown in ref. [29] that the effect of pair production would
be small, slightly shifting the low energy suppression to higher energies. This effect is also
negligible for E . EeV.
The results here obtained are for the range of 10−3 < x≡ E/〈Ec〉 < 10. Although not
systematically, we have tested the fit using equation 4.2 in the range of 10−4 < x < 100. For
x ∼ 100 the fit describes the suppression well. For x ∼10−4, however, equation 4.2 no longer
fits satisfactorily the values calculated using equation 4.1.
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In this work we have used the diffusion approximation to describe the effects of extra-
galactic magnetic fields on the cosmic ray spectrum and composition. This approximation is
not valid for D & cRH because the diffusive propagation speed over a time scale tH ≡ RHc−1
is ≃ (D/tH)1/2 which would then exceed the speed of light4 and hence be unphysical. With
D given by eq. 2.7 this typically happens for B . 0.01 nG. In summary, if D & RHc and/or
D/ℓD & c the diffusion approximation can no longer be applied and one would have to adopt
a full numerical Monte Carlo simulation of trajectories.
In ref. [29] it was argued that the low energy suppression could be relevant for the
propagation of cosmic rays at ∼ EeV energies, which is in contrast with our results. This
discrepancy is due to the oversimplified assumption of a turbulent magnetic field with con-
stant strength. In the case of inhomogeneous magnetic fields the contribution of the voids is
dominant, lowering the average field strength.
Many authors [41–44] have recently attempted to obtain models that can simultaneously
describe the measured spectrum and mass composition of UHECRs. In ref. [44] it was shown
that it is only possible to perform combined spectrum-composition fits of the Auger data for
E &5×1018 eV, due to the hard spectral indexes required (γ ∼1.0-1.6). Hard spectra are
incompatible with the standard acceleration paradigm, in which particles are accelerated in
non-relativistic shocks through a first order Fermi mechanism, process which leads to γ ∼ 2.
This is also incompatible with relativistic shock acceleration, which predicts γ ∼2.3. Hard
spectral indexes (γ . 2) are predicted in many other acceleration models such as the ones in
which UHECRs are accelerated by magnetars [45] or young pulsars [46, 47].
We have shown that for the magnetic field models studied, the low energy suppression of
the extragalactic flux is mild at EeV energies, becoming more relevant at energies .1017 eV.
Since the spectral index of the source and the existence of a magnetic horizon are connected,
understanding the low energy suppression is important for identifying the sources of UHECRs.
In terms of cosmic ray observables, harder spectral indexes could lead to an overproduction
of secondary protons for E ∼1018 eV. This same effect could be mimicked by considering
softer injection spectra which are effectively hardened during propagation by the effect of
the magnetic suppression, as shown in ref. [29]. In the context of our work, if the scale of
inhomogeneity of the cosmic web is of the order of the distance of the nearest sources, i. e.,
if there are no dominant nearby sources, the suppression is very low at EeV energies, as can
be seen in figure 7. In the Miniati model, which has the higher mean magnetic field, the
suppression would become significant only at E .1017 eV for the most optimistic choice of
parameters. The main implication of this is that the combined spectrum-composition fits
would again favor scenarios in which the sources have hard injection spectrum.
6 Conclusions
We have derived an approximation for the magnetic suppression of the cosmic ray flux from
distant sources for E . Z EeV. This suppression will occur when the propagation time of
particles in cosmic magnetic fields are comparable to the age of the universe. Our result
extends the previous work from Mollerach & Roulet [29] by considering a magnetic field
distribution, rather than a constant value. We have assumed a Kolmogorov magnetic field
with strengths distributed according to cosmological simulations of the local universe done
by Miniati, Dolag et al., Das et al. and Donnert et al.. Since in these simulations most
4A phenomenological approach to the problem of superluminal diffusion of cosmic rays can be found in ref.
[40].
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of the volume of is filled by voids, then the low magnetic field strengths from these regions
will be preponderant to the propagation of cosmic rays, dominating over the high values
corresponding to clusters of galaxies and filaments. This assumption will imply a milder
suppression compared to the case of a constant magnetic field or, depending on the values of
the coherence length, none.
The approximation here presented is volume averaged and does not reflect local effects
such as the nearby distribution of magnetic fields. For instance, if both the source and the
observer lie within the same filament, or if the source is in a highly magnetized region, this
approximation may no longer be valid, depending on the distance and luminosity of the
nearest source. To account for these effects three dimensional simulations with a full Monte
Carlo approach are needed. Nevertheless, considering only the extragalactic component, at
energies . 1018 eV the bulk of the flux is composed by particles from distant sources.
The method to estimate the suppression can be easily adapted to any other cosmological
simulation provided that one has its magnetic field distribution. However it is important to
bear in mind that the parametrizations for the suppressions for the different magnetic field
models here considered are very rough and other effects such as the structure of the mag-
netic fields may be relevant. Moreover, many parameters such as the source density and the
coherence length are set by hand. The actual value of the coherence length of extragalac-
tic magnetic fields is not well established. It is intrinsically connected to the cosmological
magnetogenesis, and can be a distribution rather than a constant value.
An improvement in the method here presented would be to use the power spectrum of
the cosmological simulation to obtain the diffusion coefficient, instead of using the approx-
imation of a Kolmogorov field. Also, we have extrapolated the magnetic field distribution
at present time up to higher redshifts, which is a very crude approximation, given that the
overall evolution of the simulation volume is not as simple as B0(1 + z)
2−m when structure
formation and MHD effects other than adiabatic compression are taken into account. An-
other improvement would be to consider a distribution of coherence lengths, possibly, but not
necessarily coupled to the magnetic field strength.
We have also derived model dependent upper limits for the suppression of the flux due to
magnetic horizon effects. These results show that in the absence of nearby dominant sources
the extragalactic component can be significantly suppressed only below E . 1017 eV, provided
that the coherence length of the extragalactic magnetic fields is smaller than a few Mpc.
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A Diffusion equation in an expanding universe
In this appendix we derive the diffusion equation as done by Berezinsky and Gazizov [28],
with some adjustments to suit our purposes.
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Let n(~x, t) be the particle density. This quantity can be written in another basis as
n(~r, t), where x(t) = a(t)r, with a being the scale factor of the universe. Consider an expand-
ing sphere with radius r at time t. The diffusive flux can be written as
~j = −D(~x, t)~∇xn(~x, t), (A.1)
where the subscript x indicates that the operator ~∇ is written in the basis x.
To derive the diffusion equation we start by writing the continuity equation in its integral
form:
d
dt
∫
V (t)
dV n(~x, t) = −
∮
S(t)
~j · dS, (A.2)
where S(t) is the expanding sphere corresponding to the universe. Replacing the value of ~j
by equation A.1 and applying Gauss’s divergence theorem we obtain:
d
dt
∫
V (t)
dV n(~x, t) =
∫
V (t)
dV ~∇x ·
[
D(~x, t)~∇xn(~x, t)
]
. (A.3)
Now we calculate the left-hand side of this equation, assuming that at time t the universe has
a volume V (t) and at time t+ δt volume V + δV :
d
dt
∫
V (t)
dV n(~x, t) =
∫
V (t)
dV
∂n(~x, t)
∂t
+ n(~x, t)
d
dt
(δV ) . (A.4)
V (t) is written in the (~x, t) basis. Writing the second term in the right-hand side of this
equation as a function of the comoving volume (V (t) = a3(t)V) we get:
n(~x, t)
d
dt
(δV ) = n(~x, t)
d
dt
(
a3δV) = 3n(~x, t)H(t)a3δV = 3H(t)n(~x, t)δV. (A.5)
Combining equations A.3 and A.5 we have∫
V (t)
dV
∂n(~x, t)
∂t
+ 3H(t)n(~x, t)δV =
∫
V (t)
dV ~∇x ·
[
D(~x, t)~∇xn(~x, t)
]
. (A.6)
Changing the basis of the term inside the integral in the right-hand side of the equation to
(~r, t), one obtains:
(A.7)
~∇x ·
[
D(~x, t)~∇xn(~r, t)
]
= ~∇xD(~x, t) · ~∇xn(~x, t) +D(~x, t)∇2xn(~x, t)
=
1
a2(t)
~∇rD(~r, t) · ~∇rn(~r, t) + 1
a2(t)
D(~r, t)∇2rn(~r, t)
Because δV is small we can write:
∂n(~r, t)
∂t
+ 3H(t)n(~r, t) = ~∇rD(~r, t) · ~∇rn(~r, t) + 1
a2(t)
D(~r, t)∇2rn(~r, t). (A.8)
To this equation we add a source term Q(E, t), which is the density of particles with energy
E at a given time t:
source term =
Q(E, t)
a3(t)
δ3(~r − ~rg). (A.9)
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We also have to account for energy losses, so we add an additional term:
energy loss term =
∂
∂E
[n(E,~r, t)b(E, t)] . (A.10)
We can finally write the diffusion equation in an expanding universe taking into account
energy losses:
(A.11)
∂
∂t
n(E,~r, t)− ∂
∂E
[n(E,~r, t)b(E, t)] + 3H(t)n(E,~r, t)− ~∇D(E,~r, t)
· ~∇n(E,~r, t)− D(E,~r, t)
a2(t)
∇2n(E,~r, t) = Q(E, t)
a3(t)
δ3(~r − ~rg).
Notice that if D(~r, t)∇2n(~r, t)≫ ~∇D(~r, t).~∇n(~r, t) the diffusion coefficient can be con-
sidered position independent, hence equation A.11 reduces to the one obtained in ref. [28],
whose solution is given by equation 2.2.
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